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Introduction 
D. Quillen and A. Suslin have independently proved that if R is a Dedekind 
domain then, for every n 20, all finitely generated projective modules over 
RCX1,. . . , Xn] are extended from R (see [S]). One has in turn the following 
axiomatic form of Quillen’s methods [3, Theorem 3. I]: 
Theorem Q. Let %’ be a class of commutative rings such that: 
(Q.l) If R E %, then R, E V for every prime deal p of R. 
(Q.2) If R E %, then R(X) E K 
(Q.3) If R E V and R is quasi-local, then every finitely generated projective module 
over R[X] is extended from R. Then, for every R E % and for every n 2 0, all finitely 
generated projective modules over RIX1, . . . , X,,] are extended from R. 
In this paper we prove a variation on Theorem Q which reads as follows. 
Theorem A. Let V be a class of commutative rings such that: 
(C.0) If R E %, then every non-maximal prime ideal of R has finite height. 
(C.1) If R E C, then R, E V for every prime ideal p of R. 
(C.2) If R E %‘, then R[X] Plx~ E % for every prime ideal p of R. 
(C.3) If R E V and R is quasi-local, then every finitely generated projective module 
over R[X] is free. 
Then, for every R E W and for every n 2 0, all finitely generated projective modules 
over RIX1,. . . , X,,] are extended from R. 
The point is that, apart from condition (C.0) which is rather technical, our 
conditions are implied by the conditions of Theorem Q (R[X],cxl is a localization of 
R(X) at a certain prime ideal). 
Theorem A allows one to prove the following generalization of Quillen’s result. 
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Theorem B. Let R be a Priifer domain. Then, for every n 3 0, all finitely generated 
projectice modules ouer R[Xl, . . . , X,,] are extended from R. 
The reason why Theorem Q does not imply Theorem B is that if R is a Priifer 
domain, then R(X) is Priifer (if and) only if dim R s 1 (whereas RIX],lxl is always 
Priifer, without restriction on dimension). 
For the class of Priifer domains, checking condition (C.3) amounts to prove that 
finitely generated projective modules over R[X], R a valuation ring, are free. This 
fact was known to the second-named author and W. Vasoncelos for several years and 
has been announced in [7]. However, as a proof has never been published, we have 
decided to include one here. 
Finally, let R be a Bezout domain, i.e., a domain for which finitely generated ideals 
are principal. Since finitely generated projective modules over a BCzout domain are 
free [6, Corollary 3.11, we can file the following consequence of Theorem B. 
Theorem b. Let R be a Be’zour domain. Then, for every n 2 0, all finitely generated 
projective modules over R[XI, . . . , X,] are free. 
We now briefly describe the notation that will remain fixed throughout. As a 
general proviso, all rings are commutative with unity. 
For a ring A, 9(A) denotes the category of finitely generated projective modules 
over A. A(X) is the ring of fractions of A with respect to the multiplicative set S of 
manic polynomials in A[X]. Unless otherwise stated, S is always used to denote that 
multiplicative set. 
If p c A is a prime ideal, we denote by (p, -) a prime ideal of A[X] lying over p 
such that (p, -) Z p[X] (such a prime ideal has been christened “upper to p” in the 
recent literature). 
For commodity, we denote by spec A (resp. specm A) the set of prime (resp. 
maximal) ideals of A. 
1. Proof of Theorem A 
We will find it convenient to isoIate a few preliminary results which, aside from 
implying Theorem A, have perhaps interest in themselves. 
Let V,, be a class of rings fulfilling the following conditions: 
(C.l) If R E %,,, then R, E %‘,, for every p E spec R. 
(C.2) If R E %,,, then R[X],,I~~E V, for every p E spec R. 
(C,.3) If R E (e,,, then every P E 9(R[XI, . . . , X,]) is extended from R. 
Remark. Condition (C,.3) is equivalent to conditions (C,.3), OS m G n, taken 
together. 
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The weight of the proof lies in the 
Key Lemma. Suppose R E Ce,, where Ce, is as above, with n k 1. Let PE 
%R[XI, . . . , X, Yl>. If P@Rcx,. . . , x,. y] R,CXI, . . . , X,, Yl is exmded from Rp 
(i.e., free) for every p E spec R\specm R, then P is extended from R. 
Proof. Since R E Ce,, it suffices to show that P is extended from R[XI, . . . , X,, 1. Set 
A = R[X,, . . . , Xn]. By the now so-called affine Horrocks’ theorem [5, Theorem 31, 
it suffices to show that POa[ylA( Y) is extended from A. On the other hand, since we 
have the inclusions 
A[Y]c R(Y)[Xl,. . . ,X,,]zA(Y), 
it clearly suffices to prove that POAc~lR( Y)[XI, . . . , X,] is extended from A. 
We claim that if POA[y]R(Y)[XI,. . . , XJ is extended from R(Y), then it is 
already extended from R (hence, from A) 
To see this, let Q E B(R( Y)) be such that 
POAIYIR(Y)[XI,. . . , -%I~ Q@R(Y)R(Y)[XI, . . . ,X,1. 
Because of the retraction R( Y)[X,, . . ..X.]+R(Y)whichsendsXitoO,lsicn, 
we know that 
Q=(PO/,~YIR(Y)[XI,. . . ,Xl>lW,,. . . ,X,).(POarvlR(y)[x~,. . ,X,1, 
as R(Y)-modules. But P@A[Y~R(Y)[XI,. . . ,X,]~P@R~Y~R(Y) as ‘R(Y)- 
modules, where Pis considered as R[ Y]-module via the canonical inclusion R[ Y] E 
RC YICX,, .. . , Xn] = A[ Y]. Therefore, 
Q-POR[YIR(Y))I(XI,. . . ,Xn)* (POR[YIR(Y)) 
x WWl, - . . ,X,)*P)OR[YIR(Y) 
as R( Y)-modules. Here, of course, 
P/W19 * * . , XI - P=POAIYI(A[YI/(X~, . . . , Xn)) 
=POA~Y,R[Y]E~‘(R[Y]). 
Now, by condition (C,.3) and the remark following it, we have that 
p/w,, * . . , X,,) * P is extended from R, by (say) P,,E .9(R). Then, it is a straight- 
forward matter to check that POAry] R( Y)[X,, , . . , X,,] is also extended from R 
by PO. 
This proves our intermediate claim. We are thus reduced to showing that 
PO~[VIR(Y)[XI,. . . , X,,] is extended from R(Y), which is a one-less-variable 
issue. However, V,, does not include R(Y) so we must do an extra bit of work. 
At any rate, by Quillen’s localization theorem as regard to n variables [S, Theorem 
1’1, we need only check that, for every q E spec R( Y), POA[y] R( Y),[X,, . . . , X,] is 
extended from R( Y)s 
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Now, there are two sorts of prime ideals q in R(Y): 
(a) Either q = p[ Y] * R( Y), for some p E spec R ; 
(b) Or else, q = (p, -> - R(Y), for some upper (p, -) E spec R [ Y]. 
In the first case, we have R(Y), = (R[Y]s)P~[~~s= R[Y],[y]. Therefore, by 
condition (C.2), R( Y)s E Z,, and by condition (C,.3), POAr~~R(Y)JXl,. . . ,X,] is 
extended from R(Y),. 
In case (b), we note that as (p, -) contains no manic polynomial of R[ Y], certainly 
pespecm R. By our very assumption, P Oa[Y~Rp[XI,. . . ,X,, Y] is free. On the 
other hand, R(Y),[X,, . . . , Xn] contains (actually, is a ring of fractions of) 
RJYIW,, . . . , Xnl= &WI,. . . , Xn, Yl. Indeed, we have R(Y), = 
W[YIS~~,--)R[Y~= NY],,-,= &[I% where T=R,[Yl\(p, -> * %[Yl. Then, a 
fortiori, POarylR( Y),[X,, . . . , X,,] is free, hence extended from R(Y),. 
This finishes the proof of the key lemma. 
From this we deduce a result which asserts roughly: it 
non-maximal primes of height 0. We state this precisely as 
suffices to look at the 
Corollary 1. Let ‘ST’, be a class of rings such that: 
(C.0) If R E Ce,, then height(p) c CO for every PE spec R\specm R. 
(C.1) If R E %,,, then R, E V, for every p E spec R. 
(C.2) Zf R E %,,, then R[X] pcx~ for every p E spec R. 
(G.3) If R E V,, then every P E B(RIX1, . . . , X,,]) is extended from R. 
Suppose ftal and let PE 9(R[X1,. . . ,X,, Y]), where R E %‘,,. If 
PO&IX,, . . . , X,,, Y] is free for every p E spec R\specm R such that height(p) = 0, 
then P is extended from R. 
Proof. By the key lemma, it suffices to show that PO R,[X1, . . . , X,, Y] is free for 
every p E spec R\specm R. Thus, let p be one such prime ideal. Since height(p) < cc, 
we can use an inductive argument. 
If height(p) = 0, the result is true by assumption. 
Assume that POR,[X1,. . . , X,, Y] is free for every q E spec R such that 
height(q) < height(p). It follows that PO(R,)~R,[X~, . . . . Xn, Yl- 
POR,CXl,. . . , Xn, Y] is free for every qR, E spec R,\{pR,}. By the key lemma as 
applied to R, E %“, POR,[X,, . . . ,X,, Y] is extended from R,, i.e., free. This 
finishes the proof of Corollary 1. 
A particular case of the above corollary is sufficiently interesting as to deserve a 
separate statement. We have, namely: 
Corollary 2. Let% be a class of quasi-local rings (R, m), m = unique maximal ideal 
of R, such that: 
(L.0) If R E %, then dim R = 0 
(L.l) If R EZ”, then R[X],,,[~IE~~ 
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(L,.3) If R E %, then every P E S(RIXI, . . . , X,1) is free. 
Then, provided n 3 1, every P E 9(R[X,, . . . , X,,, Y]), where R E 5?,,, is free. 
Proof. Since the unique prime m of R is maximal, the requirement in Corollary 1 is 
vacuously satisfied. 
We are now in a position to prove Theorem A. 
For this, we make an inductive argument on n. 
For n = 1, it is part of our hypothesis, provided we use Quillen’s localization 
theorem [5, Theorem 11. 
Assuming, by induction, that every finitely generated projective module over 
RIXr, . . . , X,,], n 3 1, R E %‘, is extended from R, we now show that every P E 
WREX,, . . . , Xn, I’]) is extended from R. By Corollary 1, it suffices to prove that 
PORJXI, . . . , X,, I’] is free whenever p~spec R\specm R, height(p) =O. But 
R, E &, where Z’,, is the class of quasi-local rings of dimension 0 belonging to %‘. 
Clearly, 9” satisfies conditions (L.O)-(L,.3) of Corollary 2. Therefore, by that 
corollary, POR,[XI, . . . ,X,, Y] is free. 
This finishes the proof of Theorem A. 
2. Proof of Theorem B 
First, by Quillen’s localisation Theorem [5, Theorem 1’3, we can suppose that R is 
a valuation ring. Next, we can suppose that R has finite dimension’. Indeed, let 
PE 9(A) where A = RIXl, . . . , X,]; P is defined by an idempotent matrix with 
entries in A; let Ko be the quotient field of the subring of A generated by the entries 
of that matrix and by the prime subring of A; let R. = R n& and A0 = 
Ro[XI, . . . , X,]; then it is clear that P is extended from a projective module over Ao, 
and it is clear that RO is a finite dimensional valuation ring. 
Now, we show that the class of finite dimensional valuation rings satisfy the 
conditions of Theorem A. (C.0) is given and (C.l) is well-known. Since RIX],cxl = 
Rp[X]p~,~~~, condition (C.2) is contained in [2, (33.4)]. 
The validity of condition (C.3) for our class will follow from the next two lemmas. 
Lemma 1. Let R be any ring with only a finite number of primes. Then 
(i) specm R[X] is a @le disjoint union of spaces each of dimension s 1; 
(ii) specm R[X] is a noerherian space. 
Proof. Clearly, specm R[X] is the disjoint union of its “fibers” 
J4,={MEspecmR[X]IMnR=,p}, 
’ We are indebted to W. Vasconcelos for showing us this portion of the argument. 
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one for each p E spec R. But & is canonically identified with a subspace of 
specm k(p)[X], where k(p) is the field of fractions of R/p. This proves (i). 
To prove (ii), it suffices to remark that in (i) we incidentally showed that 
specm R[X] is a finite disjoint union of neofherian spaces. 
Next, recall the concept of g.c.d. (“greatest common divisor”) in an integral 
domain A. If K is the quotient field of A, two elements x, y E K* are said to admit a 
g.c.d. d E K* if: 
(i) Ad 2Ax and Ad a Ay; and 
(ii) If c E K* is such that AC 1 Ax and AC ZJ Ay, then AC 2 Ad. 
A domain A such that any two elements x, y E K* admit a g.c.d. is called a GDC 
domain (or a pseudo-B&out domain). 
Lemma 2. If A is a GCD domain, then every projective module of rank 1 over A is 
free. 
Proof. Equivalently, one has to show that every invertible ideal of A is principal. In 
fact, we prove more, namely, that every finitely generated divisorial ideal I of A is 
principal. 
We can clearly assume that I is generated by two elements, say, I = Ax +Ay, 
where x, y E K*. Let d E K* be a g.c.d. of x and y. By definition, AZ z Ad for any 
z E K* such that AZ 1 Ax +Ay. Since Z is divisorial, it is the intersection of all 
principal fractional ideals containing it. Therefore, we must have Ax +Ay = Ad, as 
required. 
We are now ready to show condition (C.3) for a valuation ring R of finite rank. 
Since the ideals of R are linearly ordered, R is clearly a GCD domain. Therefore, 
R[X] is a GCD domain [2, (34.10)]; by Lemma 2, invertible ideals of R[X] are then 
principal. On the other hand, from Lemma 1 we deduce that every PE B(R[X]) is 
the direct sum of a free module and an invertible ideal [l, Ch. IV, Corollary 2.71. 
Therefore, every P E 8(R[X]) is actually free. 
To close, we add a word on our Theorem b. It greatly improves Maroscia’s result 
[4, Theoreme l] to the effect that if R is Bezout of dimension 1, then every 
FE g(R[X,, . . . , X,,]) is free, for all n 2 0. Besides, Maroscia puts considerable 
effort in proving his central proposition, namely, that if R is Bezout of dimension 1, 
then so is R(X) [4, Lemme 21. A simpler proof of this fact can be obtained as follows. 
FirstIy, note the equivalence of the two conditions for a domain A: 
(i) A is Bezout. 
(ii) A is Priifer and GCD. 
((i) implies (ii) trivially, while (ii) implies (i) by virtue of, e.g., Lemma 2). 
Now, suppose R is Bezout. By the above equivalence, R is GCD and Priifer. 
Therefore, R[X] is GCD and so is the ring of fractions R(X). If, moreover, 
dim R c 1 then R(X) is Priifer. To see this, let 4 E spec R(X). If q = pR(X), for some 
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p E spec R, then R(X), = R[X] pc~~ is a valuation ring as we have already observed 
and, furthermore, it has rank 1 [2, (30.14)]. If q = (p, -)R(X), for some p E spec R, 
then it is seen that p = (0), hence R(X), = RIX]~o,-~= R,,,[XJT, where T = 
Rcoj[X]\(O, -)R,,,[X]. Thus, in any case, R(X), is a valuation ring of rank 1. It 
follows that R(X) is a Priifer domain of dimension 1. Using the implication (ii)+(i) 
pointed out above, we get that R(X) is B&out of dimension 1. 
Added in time 
After finishing this paper we learned of a paper by J.W. Brewer and D.L. Costa [S] 
in which some related results are obtained. Using their Theorem 2, our Theorem B 
can be easily generalized to arithmetical rings. 
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